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Abstract In the present paper, we have examined the
peristaltic flow of Williamson nanofluid in a curved channel
comprising compliant walls. The governing equations of a
Williamson fluid model with nanoparticles for curved chan-
nel are derived, including the effects of curvature and heat
dissipation. The highly nonlinear, partial differential equa-
tions are simplified by using the wave frame transformation,
long wave length and low Reynolds number assumptions.
The reduced, nonlinear, coupled differential equations are
solved analytically with the help of the homotopy perturba-
tion method. The physical features of pertinent parameters
have been discussed by plotting the graphs of velocity,
temperature, concentration profile and stream functions.
Keywords Peristaltic flow  Williamson fluid 
Nanoparticles  Curved channel  Compliant walls 
Homotopy perturbation method
List of symbols
N Coordinate in cross-stream
S Coordinate in downstream
Z Coordinate in vertical direction
V Fluid velocity cross-stream component
U Fluid velocity downstream component







(qc)f Heat capacity of the fluid
(qc)p Effective heat capacity of the nanoparticle material
j Thermal conductivity
DB Brownian diffusion coefficient
DT Thermophoretic diffusion coefficient
r Longitudinal tension per unit width
m Mass per unit area
C Coefficient of viscous damping
d Wave number
k Curvature parameter
Nb Brownian motion parameter
Nt Thermophoresis parameter
Gr Local temperature Grash of number
Br Local nanoparticle Grash of number
Introduction
Radially regular reduction and recreation of muscles which
propagates in a wave down the muscular hose, in an interro-
gate way is known as peristalsis. In the human body, peristalsis
originates with the contraction of smooth muscles to push
inside through the digestive swathe. Earthworms use a similar
mechanism to drive their locomotion. Peristaltic movement is
initiated by circular smooth muscles contracting behind the
chewed material to prevent it from moving back into the
mouth. Peristalsis was first studied by Latham (1966) in 1965.
He analyzed the fluid motion in a peristaltic pump. Recent
literature regarding the peristaltic flow for Newtonian and
non-Newtonian fluid can be found in Sato et al. (2000),
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Mekheimer (2003), Mekheimer and Abd elmaboud (2008),
Tripathi et al. (2010), Srinivas and Gayathri (2009), Nadeem
and Akram (2010) and Akbar and Nadeem (2012a).
The idea of Kramer (1960) for compliant wall is extended
by Mittra and Prasad (1973) for peristaltic flow. He discussed
the peristaltic flow in a two-dimensional channel. They have
projected vibrant boundary conditions to reflect on the stret-
chy/viscoelastic character of flexible boundaries and deliber-
ate the forceful interaction of fluid and flexible walls which is
intrinsic in peristalsis. Radhakrishnamacharya and Srinivasulu
(1999) presented the problem of Mittra and Prasad (1973)
under the long wavelength and low Reynolds number
approximation. Muthu et al. (2001) described their study to
axisymmetric tube for small values of amplitude ratio using
the usual perturbation method. In another article, Muthu et al.
(2003) extended the same work for micropolar fluid. They
analyzed that for non-zero viscous damping, flow reversal is
found at the wall of the flexible tube. The influence of wall
properties on peristaltic transport with heat transfer is pre-
sented by Radhakrishnamacharya and Srinivasulu (2007).
They found that heat transfer increases with elastic tension
and mass characterizing parameters. Some other articles are
cited by Srinivas et al. (2009), Srinivas and Kothandapani
(2009), Afifi et al. (2011) and Rathod and Pallavi (2011).
A nanofluid is an auxiliary or less consistent diffusion of
unyielding particles among tiny diameters deliberate in nano-
meters. These particles are balanced by Brownian motions and
when they are in symmetry with no flow they are dispersed in a
balance between optimistic mass plus thermal campaigning
(Brownian motions). The awareness of nanofluid has been
vastly urbanized by Choi (1995). The problem of laminar forced
convection flow of nanofluids has been thoroughly investigated
by Marga et al. (2005) for two particular geometrical configu-
rations, namely, a uniformly heated tube and a system of par-
allel coaxial and heated disks. Heat transfer enhancement
utilizing nanofluids in a trapezoidal enclosure is investigated by
Saleh et al. (2011) for various pertinent parameters. They
modelled transport equations by a stream-vorticity formulation
and solved numerically by finite difference approach. An
endoscopic effect on the peristaltic flow of a nanofluid is dis-
cussed by Akbar and Nadeem (2011). They analyzed the
problem between two concentric tubes and also discussed
the properties of the endoscope. Subsequent investigations
conducted on nanofluids are cited by Aziz and Khan (2012),
Nadeem and Maraj (2012) and Akbar and Nadeem (2012b).
To the best of our knowledge, investigation of nano-
Williamson fluid in a curved channel has not been under-
taken yet. Therefore, the purpose of the present paper is to
analyze the peristaltic flow of a nanoWilliamson fluid in a
curved channel. The flow fields, temperature distributions,
nanoparticle phenomena and streamlines have been cal-
culated using homotopy perturbation technique and are
presented graphically.
Mathematical formulation
Consider a two-dimensional flow of an incompressible
Williamson nanofluid in a curved channel of uniform
thickness 2a. The channel walls are flexible and compliant
on which small amplitudes of the travelling waves are
imposed. Define ðN; S; ZÞ as the coordinates in the cross-
stream, downstream and vertical directions, respectively,
and R as the radius of curvature. The flow in the channel is
induced by sinusoidal waves of small amplitude b travel-
ling along the flexible walls of the channel. The walls of
the channel are considered as follows:




; upper wall ð1Þ






In the above equations c is the wave speed and k denotes
the wave length. Let V and U denote the velocity components
in the cross-stream and downstream directions, respectively.
The governing equations for motion, energy and nanoparticle

















































































¼ DBr2C þ DT
T0
r2T : ð7Þ
In the above equations, P is the pressure, V and U are
the velocity components in cross-stream N and
downstream S directions, respectively; R is constant
radius and s’s represent the stresses which are defined as:
sNN ¼ 2g0 1 þ C _c
   oV
oN
; ð8Þ
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sSN ¼ sNS ¼ g0 1 þ C _c












sSS ¼ 2g0 1 þ C _c








The corresponding boundary conditions for asymmetric
channel having compliant walls are defined as:














at N ¼ H; ð12Þ
T ¼ T0; C ¼ C0 on N ¼ H; ð13Þ
T ¼ T1; C ¼ C1 on N ¼ H: ð14Þ
Here qf ; l; ðqcÞf ; ðqcÞp; j; DB and DT are the fluid
density, dynamic viscosity, heat capacity of the fluid,
effective heat capacity of the nanoparticle material, thermal
conductivity, Brownian diffusion coefficient and
thermophoretic diffusion coefficient, respectively. Moreover,














where B is the flexural rigidity of the wall, r is the longitu-
dinal tension per unit width, m is the mass per unit area, C is
the coefficient of viscous damping and K is spring stiffness.
The following non-dimensional variables and velocity
stream function relationship are introduced:
s ¼ S
k
; n ¼ N
a
; u ¼ U
c





; t ¼ ct
k
; k ¼ R

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; p ¼ a
2P
cg0k
; h ¼ T  T1
T0  T1 ;
r ¼ C  C1
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Equation (3) is identically satisfied and Eqs. (4)–(11)
under long wavelength and low Reynolds number















































































































at n ¼ h;
ð21Þ
h ¼ 1; r ¼ 1 at n ¼ h; ð22Þ
h ¼ 0; r ¼ 0 at n ¼ h: ð23Þ
Solution of the problem
In order to solve the coupled nonlinear differential equa-
tions (17)–(19) with the help of HPM, we construct the
following homotopic equations:
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Hðh; ~pÞ ¼ ð1  ~pÞ o
2h
on2














þ 1ðn þ kÞ
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Hðr; ~pÞ ¼ ð1  ~pÞ o
2r
on2






























w ¼ w0 þ ~pw1 þ ~p2w2 þ    ; ð27Þ
h ¼ h0 þ ~ph1 þ ~p2h2 þ    ; ð28Þ
r ¼ r0 þ ~pr1 þ ~p2r2 þ    ð29Þ
Making use of Eqs. (27)–(29) into Eqs. (24)–(26) along
with the boundary conditions (20) and (23), the solutions can
be directly written as when ~p ! 1. The drawn out solutions
are graphically discussed in the next section in detail.
Results and discussion
The effects of various patient parameters, i.e., curvature
parameter k, We, Nb, Nt, Br, Gr and heat dissipation
parameter b3 are graphically discussed for fluid velocity,
temperature profile and concentration. The effect of various
wall properties is displayed in Fig. 1. It is predicted that the













n E1=0.1, E2=0.2, E3=0.3, E4=0.4, E5=0.5
E2=0.1, E2=0.3, E3=0.4, E4=0.5, E5=0.6
E1=0.3, E2=0.4, E3=0.5, E4=0.6, E5=0.7
E1=0.4, E2=0.5, E3=0.6, E4=0.7, E5=0.8
Fig. 1 Display the effect of wall properties of the compliant walls for
different values of E1, E2, E3, E4, E5 where Gr ¼ 0:5; Br ¼ 0:2;
k ¼ 2; s ¼ 0:01; t ¼ 0:05; e ¼ 0:1 and F = 2



















Fig. 2 The effect of k on velocity profile. Plots are shown for different
values of k where Gr ¼ 0:5; Br ¼ 0:2; We ¼ 0:01; s ¼ 0:01; t ¼ 0:05;
e ¼ 0:1; E1 ¼ 0:1; E2 ¼ 0:5; E3 ¼ 0:1; E4 ¼ 0:5; E5 ¼ 0:1 and F = 2

















Fig. 3 Explains the behavior for different values of We where Gr ¼
2;Br ¼ 3;k ¼ 2; s¼ 0:1; t ¼ 0:5; e¼ 0:1;E1 ¼ 1;E2 ¼ 5;E3 ¼ 1;E4 ¼ 5;
E5 ¼ 1 and F = 0.1

















Fig. 4 Is a plot for velocity component uðn; sÞ against n. It shows the
effect of thermophoresis parameter Br where Gr ¼ 0:2; k ¼ 0:2; We ¼
0:01; s ¼ 0:01; t ¼ 0:5; e¼ 0:1; E1 ¼ 0:1; E2 ¼ 0:5; E3 ¼ 0:1; E4 ¼ 0:5;
E5 ¼ 0:1 and F = 2
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fluid velocity increases with enhancing wall properties.
Figures 2, 3, 4 and 5 are plotted to illustrate the effects of
patient parameters on velocity field. In Fig. 2, the effects of
curvature parameter k are studied. It is observed that in the
inner half of the channel the increase in curve-ness con-
tributes in reducing fluid velocity. However, in the outer
half of the channel more curve-ness allows fluid to flow
more freely, i.e., the fluid velocity increases. Figure 3
displays the influence of fluid property We. We note that
the velocity increases with the increase in We in the region
close to the inner wall [-1, -0.2] and decreases in the
region close to the outer wall of the curved channel. Fig-
ure 4 displays the graphs for different values of Br. It is
noticed that with a raise in Br, velocity increases. More-
over, it is seen that in the region close to the inner wall this
increase is lessened as compared to the increase in the
region close to the outer wall of the channel. Figure 5
displays the graphs for different values of Gr, the increase

















Fig. 5 The effect of Gr where k ¼ 0:2; Br ¼ 0:2; We ¼ 0:01; s ¼
0:01; t ¼ 0:05; e ¼ 0:1; E1 ¼ 0:1; E2 ¼ 0:5; E3 ¼ 0:1; E4 ¼ 0:5; E5 ¼
0:1 and F = 2
















Fig. 6 The effect of k where Nb ¼ 2; Nt ¼ 3; b3 ¼ 0:1; We ¼
0:01; s ¼ 0:01; t ¼ 0:05; e ¼ 0:1; E1 ¼ 0:1; E2 ¼ 0:5; E3 ¼ 0:1; E4 ¼
0:5; E5 ¼ 0:1 and F = 2
















Fig. 7 Is a plot for temperature hðn; sÞ against n. It shows the effects
for different values of We where Nb ¼ 0:1; Nt ¼ 0:3; b3 ¼ 0:5; k ¼
2; s ¼ 0:1; t ¼ 0:5; e ¼ 0:1; E1 ¼ 1; E2 ¼ 5; E3 ¼ 1; E4 ¼ 5; E5 ¼ 1
and F = 0.1




















Fig. 8 The effect of b3 where Nb ¼ 0:1; Nt ¼ 0:3; k ¼ 2; We ¼
0:5; s ¼ 0:1; t ¼ 0:5; e ¼ 0:1; E1 ¼ 1; E2 ¼ 5; E3 ¼ 1; E4 ¼ 5; E5 ¼ 1
and F = 0.1

















Fig. 9 The effect of Nb where k ¼ 5; Nt ¼ 0:3; b3 ¼ 0:1; We ¼
0:01; s ¼ 0:01; t ¼ 0:05; e ¼ 0:1; E1 ¼ 0:1; E2 ¼ 0:5; E3 ¼ 0:1; E4 ¼
0:5; E5 ¼ 0:1 and F = 2
Appl Nanosci (2014) 4:511–521 515
123

















Fig. 10 Is plot for hðn; sÞ against n. It shows the effect of Nt where
k ¼ 5; Nb ¼ 0:3; b3 ¼ 0:1; We ¼ 0:01; s ¼ 0:01; t ¼ 0:05; e ¼ 0:1;
E1 ¼ 0:1; E2 ¼ 0:5; E3 ¼ 0:1; E4 ¼ 0:5; E5 ¼ 0:1 and F = 2



















Fig. 11 Is the plot for r(n, s) against n. It shows the effect of k where
Nb ¼ 2; Nt ¼ 3; b3 ¼ 0:1; We ¼ 0:01; s ¼ 0:01; t ¼ 0:05; e ¼ 0:01;
E1 ¼ 0:1; E2 ¼ 0:5; E3 ¼ 0:1; E4 ¼ 0:5; E5 ¼ 0:1 and F = 2





















Fig. 12 The effect of We where Nb ¼ 0:1; Nt ¼ 0:3; b3 ¼ 0:5; k ¼
2; s¼ 0:1; t ¼ 0:5; e¼ 0:1;E1 ¼ 0:1;E2 ¼ 0:5;E3 ¼ 0:1;E4 ¼ 0:5; E5 ¼
0:1 and F = 0.1














Fig. 13 The effect of b3 where Nb ¼ 0:3; Nt ¼ 0:1; k ¼ 5; We ¼
0:01; s ¼ 0:01; t ¼ 0:05; e ¼ 0:1; E1 ¼ 0:1; E2 ¼ 0:5; E3 ¼ 0:1; E4 ¼
0:5; E5 ¼ 0:1 and F = 2





















Fig. 14 The effect of Nb where k ¼ 5; Nt ¼ 3; b3 ¼ 0:1; We ¼
0:01; s ¼ 0:01; t ¼ 0:05; e ¼ 0:01; E1 ¼ 0:1; E2 ¼ 0:5; E3 ¼ 0:1; E4 ¼
0:5; E5 ¼ 0:1 and F = 2



















Fig. 15 The effect of Nt where Nb ¼ 0:3; k ¼ 5; b3 ¼ 0:1; We ¼
0:01; s ¼ 0:01; t ¼ 0:05; e ¼ 0:01; E1 ¼ 0:1; E2 ¼ 0:5; E3 ¼ 0:1; E4 ¼
0:5; E5 ¼ 0:1 and F = 2
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in Gr contribution in enhancing the fluid velocity. Fig-
ures 6, 7, 8, 9 and 10 are graphs for temperature profile h
against n for different values of k, We, b3, Nb and Nt. In
Fig. 6, the effect of k is discussed. It is observed that an
increase in curvature parameter reduces temperature in the
lower half of the channel while it contributes in raising
temperature in the upper half of the channel. Fluid property
parameter We effect is shown in Fig. 7. Notably tempera-
ture trim downs with taking into account large values of
We. Figure 8 shows the effect of b3. Note that b3 shows the
contribution of heat dissipation. We note an increase in h
with an increase in b3 within the curved channel. Figure 9
is a graph for different values of Nb, which shows increase
in h with the increase in Nb. In Fig. 10 the effect of Nt is
illustrated, increase in Nt increases h. Figures 11, 12, 13, 14
and 15 are the plots for concentration r against n. Fig-
ure 11 shows the role of curvature parameter k, we note
that r increases with the increase in k near the inner wall of
the channel but it decreases in the region beyond inner wall
to the outer wall region. The effect of fluid property is
shown in Fig. 12. Notably the concentration increases by
taking into account the large value of We. In Fig. 13 the
effect of b3 is shown on concentration. We note an increase
in concentration with an increase in b3. Figure 14 shows
the behavior of r for different values of Nb. It is observed
that with increase in Nb, r increases. Figure 15 shows the
effect of Nt on r. From Fig. 15 we conclude that r
decreases with an increase in Nt. Figures 16, 17, 18 and 19
are the streamlines plotted for different values of pertinent




































Fig. 16 Here the streamlines are
plotted for against different values of
k, i.e. a k = 2, b k = 5, c k = 10, d
k = 20 while Br ¼ 0:1; Gr ¼ 0:2;
We ¼ 0:1; t ¼ 0:05; e ¼ 0:05;
E1 ¼ 0:1; E2 ¼ 0:5; E3 ¼ 0:1;
E4 ¼ 0:5; E5 ¼ 0:1 and F = 2
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values of curvature parameter k. We note that with an
increase in curve-ness of the channel the number of closed
streamlines trapping boluses appearing in the left and right
halves of the channel increases, for k = 2, i.e., small curve-
ness, we note that the fluid flow pattern is quite similar to
that of the fluid flow in a symmetric channel. For k = 5 we
note that the size of the bolus increases as compared to (a).
Figure 17 displays the streamlines for different values of
We. We note that the orientation of the bolus varies with the
variation of this parameter. For small value of We, i.e.,
We = 0.001 the bolus is oval shaped. When We = 0.001,
we see that the bolus size shrinks and the shape of the
streamlines enclosing the bolus becomes more oval. For
We = 0.1, the We contributes in changing the orientation of
the closed streamlines. For We = 0.1, we see that the shape
of the bolus changes from oval to round. Figure 18 shows
the streamlines for different values of Br, the bolus grows
with an increase in Br. Moreover, the number of closed
streamlines trapping the bolus increases. Figure 19 shows
the streamlines for different values of Gr, the size of the
bolus increases with an increase in Gr.
Conclusion
Here, we have examined the peristaltic flow of Williamson
nanofluid in a curved channel comprising compliant walls.
Key points are summarized as follows:











































Fig. 17 Here the streamlines are
plotted for against different values of
We, i.e. a We = 0.001, b We = 0.01, c
We = 0.1, d We = 0.15 while Br ¼
0:3; Gr ¼ 0:2; k ¼ 0:5; t ¼ 0:05; e ¼
0:05; E1 ¼ 1; E2 ¼ 5; E3 ¼ 1; E4 ¼
5; E5 ¼ 1 and F = 2
518 Appl Nanosci (2014) 4:511–521
123
1. It is predicted that the fluid velocity increases with
enhancing wall properties.
2. It is observed that in the inner half of the channel the
increase in curve-ness contributes in reducing fluid
velocity.
3. We note that the velocity increases with the increase in
We in the region close to the inner wall and decreases
in the region close to the outer wall of the curved
channel.
4. It is noticed that with a rise in Br, velocity increases.
5. It is seen that in the region close to the inner wall this
increase is lessened as compared to the increase in the
region close to the outer wall of the channel.
6. It is observed that an increase in the curvature
parameter reduces temperature in the lower half of
the channel while it contributes in raising temperature
in the upper half of the channel.
7. We note that r increases with the increase in k near the
inner wall of the channel, but it decreases in the region
beyond the inner wall to the outer wall region.
8. We note that with an increase in the curve-ness of the
channel the number of closed streamlines trapping
boluses appearing in the left and right halves of the
channel increases, for k = 2, i.e., small curve-ness, we
note that the fluid flow pattern is quite similar to that of
the fluid flow in a symmetric channel.



































Fig. 18 Here the streamlines are
plotted for against different values of
Br, i.e. a Br = 0.1, b Br = 0.2, c
Br = 0.3, d Br = 0.4 while Gr ¼
0:2; k ¼ 0:5; We ¼ 0:01; t ¼ 0:05;
e ¼ 0:05; E1 ¼ 0:1; E2 ¼ 0:5; E3 ¼
0:1; E4 ¼ 0:5; E5 ¼ 0:1 and F = 2
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